In this paper a new stochastic approach for the description of antisolvent crystal growth processes is presented. In this approach, the trajectory of crystals mean size is modeled as a Gompertz equation and the time evolution of the Particle Size Distribution (PSD) is modeled as a Fokker-Planck equation. In the new formulation the problem is reformulated as an Ornstein Uhlenbeck process and using Fourier transformation an analytical solution is then obtained to describe the time evolution of the PSD as function of the model parameters. Validations against experimental data are provided for the NaCl-water-ethanol antisolvent crystallization system.
INTRODUCTION
Crystallization is a technique widely used for the production of pharmaceuticals, fertilizers and fine chemicals. The development of effective mathematical models describing the crystal growth dynamics is a crucial issue towards finding the optimal process performance and to control the crystal size and distribution. This modelling is usually accomplished by resorting to population balances equations (PBE), which require a consistent number of parameters and, in general, the solution of the model is obtained from numerical simulation.
Recently, direct design, model-free approaches were proposed as an alternative efficient way of controlling crystallization processes for anti-solvent, cooling and combined processes (c.f., Woo et al., 2009; Abu Bakar et al., 2009; Kee et al., 2009) . Along this way, Grosso et al. (2010) proposed a simple model based on the Fokker-Plank equation (FPE) approach to model crystallization systems characterized by the PSD. In this approach, the time evolution of each element of the population, the crystal, is regarded as a possible outcome of a random variable driven by a deterministic term. In particular, the Logistic equation was used for the deterministic term (Grosso et al., 2010) , leading to a FPE that does not have analytical solution and, therefore numerical integration was needed.
From a control point of view the availability of an analytical solution, avoiding the numerical solution of the FPE, may be valuable for designing proper model based control strategies.
In this paper we propose a new formulation for the deterministic model that allows obtaining a close form of the resulting FPE. In particular, in the new formulation, the deterministic component of the model, describing the time evolution of the mean size of crystals, is obtained from a Gompertz equation (Sahoo et al., 2010) . For the stochastic component of the model a geometric Brownian motion for the noise intensity of the system is assumed. By the introduction of a proper set of coordinates, the problem is reformulated as an Ornstein Uhlenbeck process and using Fourier transformation an analytical solution is then obtained to describe the time evolution of the PSD as function of the model parameters and the antisolvent flowrate. Validations against experimental data for the NaCl-water-ethanol antisolvent crystallization system are presented.
EXPERIMENTAL SET-UP AND PROCEDURE
The experimental rig is made up of one litre glass, cylindrical crystallizer submerged in a temperature controlled bath. The temperature is measured using an RTD probe which is wired up to a slave temperature control system capable of heating and cooling. In similar fashion, the antisolvent addition is carried out by a slave peristaltic pump. The master control is performed by a computer control system which is wired up to the slave temperature and flow-rate controllers respectively. The desired set-points are set by the master controller. All relevant variables are recorded. The PSD is determined by visual inspection of images taken using a digital camera mounted in a stereo-microscope at 25X magnification. The captured images are then processed by means of sizing computer software (Amscope®).
The crystallizer is loaded with an aqueous solution of reagent grade sodium chloride (99.5%) of 34 g in 100 g of purified water. The temperature is kept constant for each run. After that, 190 proof ethanol is used as anti-solvent, was added to the aqueous NaCl solution using a calibrated peristaltic pump. Three different anti-solvent flowrates were implemented: u 0 = 0.8 ml/min (low feed rate, LFR), u 0 = 1.5 ml/min (medium feed rate, MFR) and u 0 = 3.0 ml/min (high feed rate, HFR) and the temperature was kept constant at 20 °C. Along the operation, 5 ml samples were taken in an infrequent fashion and then analyzed off-line. Also part of the sample was vacuum filtered over filter paper and then dried in an oven at 50 °C of further visual inspection. The captured images, for each sampling time during batch run, are then processed by mean of the sizing the computer software (Amscope®). Typically, for each time, the analyzed crystal sample has dimensions between 150 and 300 elements. The crystal size sample is further processed in order to infer the related PSD. To this end, a non-parametric method was used and the experimental probability density distribution was eventually estimated as a linear combination of kernel basis functions:
where n is the crystal sample dimension, L i is the i-th observation and the bandwidth parameter λ can be found in literature (e.g. Silverman, 1986) :
In the proposed approach, the crystals are classified by their size L and the growth of each individual crystal is supposed to be independent by the other crystals and is governed by the same deterministic model. In order to take into account the growth fluctuations and the unknown dynamics not captured by the deterministic term, a random component can be introduced as a Geometric Brownian Motion, GBM, where the intensity of the fluctuations depends linearly on the crystal size.
In equation (2), h(L,t;θ) is the expected rate of growth, L is the size of the single crystal, t is the time, θ is the vector of parameters defined in the model and η(t) is a random term assumed as Gaussian additive white noise:
where D is the noise intensity. As it regards the deterministic term h(L;θ), here we assume a Gompertz model (GM) for the crystal growth (Sahoo et al., 2010) :
One should remark that, in absence of noise the model tends towards a stable stationary solution at L = L 0 . Gompertz Equation (4) can be further manipulated:
Introducing a new variable y = ln(L), one can end up with a new stochastic equation for the random variable y:
The corresponding FPE equation becomes:
Introducing a linear variable transformation
we finally arrive to an Ornstein-Uhlenbeck Process (OUP), which can be described by the following Fokker-Planck equation with a Gompertz law growth term (FPE-GM):
where
Equation (8) is defined for and
The initial condition for t = t 0 is defined as a normal distribution: Following Risken (1996) , the solution of (8) is best found by making a Fourier transform with respect to z, in the coordinate k, defined by the following integral:
Analytical solution of the OUP
Equation (8) in Fourier domain is given by (c.f., Risken, 1996) :
In the same way the initial condition becomes:
The solution of (11) variables s and τ, where s is variable along the characteristics lines and τ along the initial curve. The solution has the form:
It is important to note that the variables k and t are only functions of s, because the (13) is defined for:
Rewriting the (14) with only one term equal to zero:
Taking the (10) and rewriting this in the same form as the (15):
The analogy between (11) and (15) can be represented in the following system of ODEs: 
Performing the anti-transform of (18) and operating the transformation of the aleatory variable z to y, the result is:
where:
Equation (19) provides the analytical solution describing the time evolution of the PSD in the lognormal scale. Equations (20) and (21) give the variance and the mean size of crystals respectively. In stationary conditions (20) and (21) reach a constant value.
Fokker-Planck equation based on logistic model
The new model, is compared with the FPE previously introduced by Grosso et al. (2010) . In this latter model the definition of Langevin process has been developed using the same GBM assumption but using as a deterministic model, the Logistic equation:
As a consequence, the Fokker-Planck equation with the logistic growth term (FPE-LM), obtained following the same procedure as (2), becomes:
The nonlinear nature of the drift term does not allow an analytical solution for the transient Fokker-Planck equation.
As a consequence, a numerical integration of the model should be carried out. The solution of (23) has been obtained by a numerical integration using orthogonal collocation on finite elements.
PARAMETER ESTIMATION
Following the procedure outlined by Grosso et al. (2010) , the calibration of the proposed model is carried out separately for every run. The set of parameters * θ = [log 10 (D), r, K] is estimated by using the least squares criterion, thus searching the minimum of the objective functions for n different spatial location and m different time values for every operating conditions:
where the function is the experimental PSD. It should be noted that log (D) is used instead of D in order to reduce the statistic correlation between the parameters (Grosso et al., 2010) .
The comparison of the parameters obtained using the FPE based on the Gompertz model with the ones previously obtained by Grosso et al. (2010) using the Logistic equation as drift term, is shown in Fig. 1 as a function of the antisolvent feed-rate. From this figure it is possible to appreciate that the last parameter, K, that represents the asymptotic dimension for the crystals, presents a monotonic decreasing as the anti-solvent feed-rate increases. Moreover, for the two models we have practically the same value of this parameter at each operating conditions and this is reasonable, since both the models should be able to describe the final mean size of crystals. Also the pseudo diffusion coefficient D presents the same value at each operating conditions, thus indicating that the dispersion is similar in both models, as should be. The only parameter that present an apparent difference between the two models is the growth velocity, r, due to the different dimension. In fact, for the FPE-GM the r values are higher than the value obtained for the FPE-LM, but, by inspection of (21) we could see that the crystal growth velocity is scaled by the asymptotic dimension of the crystals and this ratio is very similar to the value of r for the FPE-LM model. Finally, it is worth noting that, for both models, the dependence of these two parameters on the anti-solvent federate is preserved (Grosso et al., 2010) . 
Skewness analysis
In order to highlight the difference of the PSD obtained with the two models let us recall the definition of skewness, which measures the asymmetry of a PSD:
In Table 1 , the comparison of this parameter, in the lognormal scale, for each model (FPE-LM and -GM) is reported. Analyzing the values reported in Table 1 , we could understand the difference between the two models. The PSD obtained by the FPE based on the Gompertz model presents a null skewness value since the presence of the linear drift term does not influence the form of the resulting PSD (Risken, 1996) , then the solution preserves the Gaussianity introduced with the initial PSD. On the other hand, the PDF obtained by the FPE based on the Logistic model presents small skewness values (different from zero). This because, the nonlinear drift term has an effect on the form of the resulting PDF (Risken, 1996) . Later on it will be shown a PSD comparison among the two models and the experimental data, in logarithmic scale, and the differences are hardly noticeable.
RESULTS
Here we will examine the results obtained using the two proposed model, i.e., FPE-GM and FPE-LM and these results are compared with the experimental ones. Moreover, a global model will be developed and tested on ad hoc experimental run with varying flowrates.
Model comparisons
First we compare the obtained PSD, at the final time (end of the run) and at the medium flowrate condition (MFR) condition, using both models (Fig. 2) . From this figure it is noticeable that the agreement between the two models and the experimental data are rather good and, moreover, the difference of the two resulting PSDs is negligible, but still present, comparing the edges of the distributions, as shown in Figure 3 , where a zoom of Figure 2 is reported. Analyzing the capability of the two models in describing the mean size of crystals in time, reported in Figure 4 for the each operating condition, it is possible noticing that the mean is equally well described, confirming that the new simpler model it is still a valid option when there is the need of faster computation capability.
It is worth noticing that also the agreement in term of PSD is rather good as could be seen examining Fig. 5 , where, the comparison (in terms of time evolution) of the PSD experimentally observed and the model prediction (using the FPE-GM model) for the experiment at MFR, at different acquisition times, is reported.
Global model
The proposed Fokker-Planck-based models do not have an explicit dependency of the control input u (i.e. anti-solvent flowrate), although this variable does affect the process parameters. In order to use the model over the whole operational range a relationship between the parameters θ of the model and the anti-solvent flowrate has been developed following the same approach in Grosso et al. (2010) . Consider our model, represented in (19) corresponding to a particular regime, 'l' (as defined by the anti-solvent flowrate condition). Then, the local model at 'l' can be expressed as:
This local model structure parameterized by the vector θ is only valid within a particular operating regime and may not be valid in any other operating regime of the system. The local parameters θ are obtained through model identification as described above. Analysing the dependency of the parameters with the anti-solvent flowrate (Fig. 1) , the functionality of the model with the anti-solvent flowrate is achieved by a piece-wise linear interpolation of the parameters for the different anti-solvent flowrates. This functionality with the anti-solvent flowrate allows the merger of multiple set of parameters for different operating regimes to a single model across the operating envelope. 
Global model validation
In order to validate the models, a new experimental run, not used for the calibration step, was performed. In particular, the anti-solvent feed rate was varied as reported in Figure 6 . The anti-solvent addition policy starts at a high value of the flow and it is reduced after 20 minutes with few step changes to the final value. Figure 7 illustrates the comparison between 6. CONCLUSIONS the predicted (using the global models previously obtained) and the experimental values after 1.5 hours and at the final value at the end the run. From this Figure we can clearly notice that the agreement between the experimental and predicted time evolution of the PSD is rather good for both models (FPE-LM and FPE-GM), thus indicating that the proposed approach is a valid alternative to first principle model. Moreover, if the computational time is an issue, like for example in on-line control schemes, the FPE-GM model should be preferred.
An alternative formulation of the FPE approach to describe the time evolution of the PSD in antisolvent crystallization processes was presented. In particular, in the new formulation, the deterministic component of the model, describing the time evolution of the mean size of crystals, is obtained from a Gompertz equation. For the stochastic component of the model a geometric Brownian motion for the noise intensity of the system is assumed. By the introduction of a new variable, we have shown that it is possible to reformulate the problem as an Ornstein Uhlenbeck process. Using the properties of Fourier transform an analytical solution was obtained to describe the time evolution of the PSD as function of the model parameters and the antisolvent flowrate.
Validations against experimental data for the NaCl-waterethanol anti-solvent crystallization system were presented for a number of antisolvent flowrates conditions.
Work is underway to investigate the use of the new formulation in defining optimal operational strategies and to incorporate temperature dependence in the model towards the implementation of model based-control strategies to control the shape of the PSD. 
